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Abstract 

Tlie proton structure and proton polarizability corrections to tlie Lamb 
shift of electronic hydrogen and muonic hydrogen were evaluated on the basis 
of modern experimental data on deep inelastic structure functions. Numerical 
value of proton polarizability contribution to (2P-2S) Lamb shift is equal to 
4.4 GHz. 



The muonic hydrogen (fi^p^) is a two-particle bound state of a muon and a pro- 
ton. The energy levels of this system are defined as for electronic hydrogen By 
virtue of the fact that the mass ratio of electron and muon mg/m^ = 4.836332 ■ 10^^, 
some quantum electrodynamical contributions, proton structure corrections and pro- 
ton polarizability effects increase in importance in the case of muonic hydrogen |^ . 
For example, the electron vacuum polarization gives the main contribution to the 
Lamb shift of muonic hydrogen (contrary to ordinary hydrogen), because the Comp- 
ton wavelength of the electron and the Bohr radius of muonic hydrogen have the 
same order: h/rrieC : h^/fie^ = 0.737386. The experimental measurement of (2P-2S) 
Lamb shift in muonic hydrogen makes it possible to determine with higher accuracy 
the proton charge radius Rp = a/< > which is one of the universal fundamen- 
tal physical constants. Theoretical investigations of the main contributions to the 
Lamb shift of muonic hydrogen (fip) were done in 0, ^. The results of calculation 
of different order corrections, known at present time may be found in |^ . New six- 
order vacuum polarization contribution to the Lamb shift of the muonic hydrogen 
was obtained recently in In this work we consider the Lamb shift contribution 
in (/i"/?"*"), connected with the proton polarizability effects. As in the case of muonic 
hydrogen hyperfine splitting 0, H, we have used the local quasipotential equation 
for description of two-particle bound state 0. 

The proton polarizability contribution is determined by the amplitude of two - 
photon muon - proton interaction, shown on Fig.l. Compton forward scattering am- 
plitude of the electron, appearing in the two - photon interaction, may be expressed 
as a sum of direct and crossed two - photon diagrams: 



Pi + k + mi pi — k + nil 



uipi). (1) 



Neglecting by the relative motion momenta of the particles in initial and final 
states (p = (f = 0), we can also parameterize the amplitude of the proton virtual 
Compton scattering in the following manner [Tl[| : 
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+^^2 {[lu, k]k^ - [7^, k]k^ + [7^, 7^]A;2) |t;(g2), 

where v = k^ the energy of the virtual photon. Tensor (2) contains symmetric 
and antisymmetric parts. Symmetric part, which is determined by the structure 
functions 6*1^2(^^5^^) fixes the contribution to the Lamb shift. Antisymmetric part 
of expression (2), defined by the functions Hi 2(1', k"^), gives the contribution to the 
hyperfine splitting of S - energy levels. To extract the hyperfine splitting part of 
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Figure 1: Proton polarizability correction 



the quasipotential V , we can use the projection operators of muon - proton two - 
particle system on the states with total spin S=0 {V{^So)) and S=l (^^(^5*1)): 



fr = u{pi)v{p2 
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To construct the S -wave Lamb shift part of the quasipotential it is common practice 
to use two approaches: 



1. The averaging of the amplitudes (1) and (2) over muon and proton spins |T2 



2. The use of projection operators (3) and the construction of necessary inter- 
action in the form: 

Multiplying the amplitudes (1) and (2) and extracting the corresponding parts 
of the quasipotential (hyperfine splitting part and Lamb shift part), we obtain: 

hfs 16 



Ls 



16 

y - Aklml 
2mi 



m2ik^ + 2k^)Hi + 3kok^H2 



-{2ki + k')Ci + {e -ki)C2 
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(6) 



A;4 - Aklml 

Expression (5) was used earlier in the hyperfine splitting calculation [l^, |14|, [T^. 
Let us consider Lamb shift contribution on the basis of (6). Using dispersion relation 
for structure functions Ci{kQ^k'^) and explicitly displaying the contribution of the 
proton intermediate state, shown in Fig. 2, we have: 



a(A;o,fc') = Cf(fco,F) + 
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(7) 




Figure 2: Proton finite - size correction of order (Za) 



and moreover the function Ci(/co; k"^) satisfies to dispersion relation with one sub- 
traction to provide the correct asymptotic behavior in v of the intgral expression in 
(7). 

The proton vertices of two - photon amphtudes are defined by two form factors 



Fi and F2 [[Tl: 
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(8) 



The contribution of diagrams (a) and (b) of Fig. 2 to the Lamb shift may be expressed 
as follows: 
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where we have transformed integration over four - dimensional Euclidian space, 
changing ko —>■ iko. It is necessary to say that this integration contains infrared 
divergence. To remove it we subtract from (8) the correction related with iteration 
term of the quasipotential and the contribution of two - photon amplitudes in the 
case of point - like proton. The contribution of iteration part of the quasipotential 
takes the form: 
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The iteration terms of quasipotential fully eliminate infrared divergences in the 
hyperfine structure of hydrogen - like atoms |jTl[ . Note that the correction of order 
{ZaY in the Lamb shift of hydrogen atom, depending on proton structure is defined 



by one - photon term of the quasipotential Vi^ ~ GE{k'^)/k'^ {Ge is the Sachs 
form factor) in the following form: 
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where Rp is the proton charge radius For point - like proton the recoil correction 
to energy levels of order {ZaY is determined by both non - relativistic and relativistic 
electron momenta in the two - photon interaction operator V27. The corresponding 
expression takes the form |Q: 
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Taking into account the results (10), (12), we can express infrared finite con- 
tribution of two - photon diagrams in the Lamb shift of hydrogen - like atom as 
follows: 
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To calculate the correction (14), we have used the dipole parameterization of proton 
form factors: 

Gm — Gj^ 



where proton structure parameter was taken as for calculation of hyperfine splitting 
in hydrogen atom A = 0.898m2 |16|, k =1.792847 is the proton anomalous magnetic 
moment. Numerical value of correction (14) in the Lamb shift of electronic hydrogen 
AE]f (2P-2S) = 4.25 Hz and of muonic hydrogen AE^^ = 4.35 GHz, which coincides 
with the result of 0. Let us consider now the effects of proton polarizability, which 
are described by the dispersion integral (7). The imaginary parts of amplitudes 
Ci{ko,k^) are related to deep inelastic structure functions Fi{x,Q^): 
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the following conditions should be fulfilled: 
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They play important role for the parameterization of structure functions Fi{x,Q'^) 
at low |T^. Using relations (6) - (7) and transforming the integration over four 
- dimensional Euclidian space in the loop amplitudes 
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we can represent the proton polarizability contribution to the Lamb shift of muonic 
hydrogen in the following way: 
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where R{y,k'^) = (Tl/o't is the ratio of the cross sections for the transversally and 
longitudinally polarized virtual photons respectively. To do numerical integration 
on the basis of (20) it is necessary to know the experimental data on structure 
function F2{x,Q'^) and the ratio R{x,Q'^) in the wide region of variables and x 
W\ . We have used theoretical parameterization from |jl9|, where structure function 



F2 is decomposed into two terms F2 and F^, corresponding to pomeron and reggeon 
exchanges: 
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Table. Proton polarizability contribution to the S-state 
energy levels of electronic hydrogen and muonic hydrogen. 





(e p+) p+) 
Hz /ieV 


|23| 


|24| 


IS 


-94 -144 


-72 -100 


-95 -136 


2S 


-11.8 -18 


-9 -13 


-11.9 -17 



Recent experimental data on extraction of quantity R{x, Q"^) from deep inelastic 
e-p scattering made at SLAG have lead to 6-parameter models for this ratio in a 
kinematic range 0.005 < a; < 0.86 and 0.5 < < 130 pO|: 
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0.125^ 



x: 
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In the case of muonic hydrogen the numerical value of Lamb shift (2P-2S) con- 
tribution, obtained on the basis of (20)-(22), is equal to 

4.4 ±0.5 GHz, (23) 



For IS - state of electronic hydrogen the correction on proton polarizability is — 94± 
10 Hz. This contribution is in good agreement with the results of pT| , [2^ . 
Displacements of IS- and 2S- energy levels of electronic hydrogen and muonic hy- 
drogen and the comparison with the results of [^, ^ are shown in Table (the 
displacements of muonic hydrogen are expressed in eV for the convenience of com- 
parison). It is necessary to point out that the used parameterization (21) satisfies 
the asymptotic condition (18) and leads to infrared finite contribution to the energy 
spectrum. Thus, the main uncertainty of our result is connected not with logarith- 
mic approximation of the momentum integration similar to (20) as in 12^, but 
with experimental errors of R[x^ Q^) in the range < 0.5 and experimental uncer- 
tainties of F2{x,Q^) [|T8]. Gorrection (23), obtained by us for muonic hydrogen has 
the same order as other proton structure contributions (12) and (14). Thus, it has 
to be taken into account when extracting of proton charge radius Rp from future 
experimental measurement of the muonic hydrogen Lamb shift. 
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